Introduction
Throughout this paper K is a field of characteristic = 2 and K a its algebraic closure. If f (x) ∈ K[x] is a separable polynomial of degree n ≥ 5 then it gives rise to the hyperelliptic curve C = C f :
We write J(C) = J(C f ) for its jacobian; it is a g-dimensional abelian variety defined over K, whose dimension g is equal to n−1 2 when n is odd and equal to n−2 2 when n is even. In this paper we deal with special (but somehow "generic" ) case when the Galois group Gal(f ) of f is either the symmetric group S n or the alternating group A n . We study the ℓ-adic Lie algebra g ℓ,J(C) attached to the Galois action on the ℓ-torsion of J(C) and prove that this Lie algebra is "as large as possible" when K is a number field. As a corollary, we obtain the Tate conjecture and the Hodge conjecture for all self-products of J(C). In fact, we prove that all the Tate/Hodge classes involved can be presented as linear combinations of products of divisor classes.
Our approach is based on a study of the 2-adic image of the Galois group Gal(K) in the automorphism group Aut Z2 (T 2 (J(C))) of the Z 2 -Tate module T 2 (J(C)) of J(C). We prove that the algebraic envelope of the image contains the symplectic group attached to the theta divisor on J(C f ). Our proof is based on known lower bounds for dimensions of nontrivial (projective) representations of A n in characteristics 0 and 2 ([11] , [29] , [30] ) and a notion of very simple representation introduced and studied in [38] and [40] . This allows us to prove that g ℓ,J(C) is "as large as possible" for ℓ = 2. Now the rank independence on ℓ for g ℓ,J(C) [34] allows us to to extend this assrtion to all primes ℓ, using a variant of a theorem of Borel -de Siebenthal [35] .
The present paper is a natural continuation of our previous articles [33] , [37] , [38] , [39] and [40] . its prime subfield) then the image χ ℓ (Gal(K)) is infinite. We write Z ℓ (1) for the Gal(K)-module Z ℓ with the Galois action defined by character χ ℓ . If X is an abelian variety defined over K and m is a positive integer not divisible by char(K) then we write X m for the kernel of multiplication by m in X(K a ). It is well-known [16] that X m is a free Z/mZ-module of rank 2dim(X) provided with a natural structure of Gal(K)-module. Suppose ℓ is a prime distinct from char(K). As usual, we write T ℓ (X) for the projective limit of Gal(K)-modules X ℓ i where the transition maps are multiplications by ℓ. It is well-known that T ℓ (X) is a free Z ℓ -module of rank 2dim(X) provided with natural continuous homomorphism (ℓ-adic representation) ρ ℓ,X : Gal(K) → Aut Z ℓ (T ℓ (X)) ∼ = GL(2dim(X), Z ℓ ).
In addition X ℓ = T ℓ (X)/ℓT ℓ (X) (as Galois module).
Recall [16] that each polarization λ on X defined over K gives rise to Riemann form
e λ is a non-degenerate Gal(K)-equivariant alternating Z ℓ -bilinear form on T ℓ (X). It is perfect if and only if ℓ does not divide deg(λ) (e.g., λ is principal). Clearly, the corresponding automorphism group Aut Z ℓ (T ℓ (X), e λ ) ∼ = Sp(2dim(X), Z ℓ ).
It is well-known that the image
is contained in the group of symplectic similitudes Gp(T ℓ (X), e λ ) := {u ∈ Aut Z ℓ (T ℓ (X)) | ∃c = c u ∈ Z * ℓ such that e λ (ux, uy) = cu(x, y) ∀x, y ∈ T ℓ (X)}.
More precisely, if σ ∈ Gal(K) and u = ρ ℓ,X (σ) then c u = χ ℓ (σ). It is also wellknown that the composition of ρ ℓ,X and the determinant map det : Aut Z ℓ (T ℓ (X)) → Z * ℓ coincides with χ dim(X) ℓ . We writeρ ℓ,X for the corresponding modular representatioñ ρ ℓ,X : Gal(K) → Aut(X ℓ );
we denote byG ℓ,X the imageρ ℓ,X (Gal(K)) ⊂ Aut(X ℓ ). Clearly,ρ ℓ,X coincides with the composition of ρ ℓ,X and the reduction map modulo ℓ Aut Z ℓ (T ℓ (X)) ։ Aut(X ℓ ); the subgroupG ℓ,X coincides with the image of G ℓ,X under the reduction map.
As usual, V ℓ (X) stands for the Q ℓ -Tate module
it is a 2dim(X)-dimensional Q ℓ -vector space provided with a natural structure of Gal(K)-module and T ℓ (X) is identified with a Gal(K)-stable Z ℓ -lattice in V ℓ (X).
The form e λ extends by Q ℓ -linearity to the non-degenerate alternating Q ℓ -bilinear form e λ : V ℓ (X) × V ℓ (X) → Q ℓ .
We write Sp(V ℓ (X), e λ ) for the corresponding symplectic group viewed as Q ℓ -linear algebraic subgroup of GL(V ℓ (X). Let sp(V ℓ (X), e λ ) ∼ = sp(2dim(X), Q ℓ )
be the Lie algebra of Sp(V ℓ (X), e λ ); it is an absolutely irreducible Q ℓ -linear subalgebra of End Q ℓ (V ℓ (X)).
It is well-known [21] that G ℓ,X is an ℓ-adic Lie subgroup of Aut Z ℓ (T ℓ (X)). We write g ℓ,X for the Lie algebra of of G ℓ,X ; it is a Q ℓ -Lie subalgebra of End Q ℓ (V ℓ (X)). The inclusion G ℓ,X ⊂ Gp(T ℓ (X), e λ ) implies easily that g ℓ,X ⊂ Q ℓ Id ⊕ sp(V ℓ (X), e λ ).
In addition, g ℓ,X ⊂ sp(V ℓ (X), e λ ) if either K = K(ℓ) or there exists a finite algebraic extension of K that contains all ℓ-power roots of unity. Clearly, g ℓ,X = {0} if and only if G ℓ,X is finite. It is also clear that if every finite algebraic extension of K contains only finitely many ℓ-power roots of unity then g ℓ,X does not lie in the Lie algebra sl(V ℓ (X)) of linear operators in V ℓ (X) with zero trace.
Remark 2.1. If K is a field of characteristic zero finitely generated over Q then, by a theorem of Bogomolov [1] , g ℓ,X contains Q ℓ Id.
Theorem 2.2. Let us assume that dim(X) ≥ 4 and let us put d = 2dim(X).
Let us assume that char(K) = 2 and let us put ℓ = 2. SupposeG 2,X contains a subgroup isomorphic to the alternating group A d+1 (e.g.,
In addition, the ring End(X) of all K a -endomorphisms of X is Z.
If every finite algebraic extension of K contains only finitely many 2-power roots of unity then g 2,X = Q 2 Id⊕sp(V 2 (X), e λ ). If there exists a finite algebraic extension of K that contains all ℓ-power roots of unity then g 2,X = sp(V 2 (X), e λ ). Theorem 2.3. Suppose K is a field and char(K) = 2. Suppose X is an abelian variety defined over K. Let us assume that dim(X) ≥ 4 and let us put d = 2dim(X). Let us assume thatG 2,X contains a subgroup isomorphic to the alternating group A d+1 and K enjoys one of the two following properties:
(i) K is a field of characteristic zero finitely generated over Q; (ii) p = char(K) > 0 and K is is a global field. Then for all primes ℓ = char(K)
Theorem 2.4. Let K be a field with char(K) = 2, K a its algebraic closure, f (x) ∈ K[x] a separable polynomial of degree n ≥ 9, whose Galois group Gal(f ) enjoys one of the following properties: 
contains an open subgroup of Aut Z2 (T 2 (X), e λ ). In addition, the ring End(X) of all K a -endomorphisms of X is Z.
be a separable polynomial of degree n ≥ 9, whose Galois group Gal(f ) enjoys one of the following properties:
(ii) n = 11 and Gal(f ) is the Mathieu group M 11 ; (iii) n = 12 and Gal(f ) is either the Mathieu group M 12 or M 11 .
(iv) There exist an odd power prime q and an integer m ≥ 3 such that (q, m) = (3, 4), n =
Assume that either K is a field of characteristic zero finitely generated over Q or K is a global field of odd characteristic. Then for all primes ℓ = char(K)
Theorem 2.6. Let K be a number field, f (x) ∈ K[x] a separable polynomial of degree n ≥ 5, whose Galois group Gal(f ) enjoys one of the following properties:
We prove Theorems 2.2, 2.3, 2.5 and 2.6 in Section 7.
Group theory
Throughout the paper we will freely use the following elementary observation. 
Then: 
This proves (d2). In order to prove (d3), let us assume first that m = 2 and therefore G ⊂ S 1 × S 2 . Let us define
as the restriction to G of the projection map
In order to do the case of m > 2 one has only to write down
and apply induction. (e) It is known ( [14] , Remarks 1-2 on pp. 41-42; see also [25] , Ex. 16.3.9(1) on p. 277) that α(K 1 (E)) is a normal subgroup in K 2 (E) and the quotient
is a commutative group of finite exponent dividing deg(α). Clearly, G α coincides with the kernel of the composition
and, thanks to (i), must be an open normal subgroup of finite index. Applying (ii)(a) to π = α ′ , we conclude that H α is an open subgroup of finite index
is a finite commutative group, whose exponent divides deg(α). This implies that the preimage
In order to prove (e3) it suffices to notice that the kernel of
and therefore also has exponent dividing deg(α).
Proposition 3.2. Suppose V is a finite-dimensional vector space over a finite field k of characteristic ℓ and G is a subgroup of Aut(V ) enjoying the following properties:
(
In particular, Z consists of scalar matrices and therefore is a cyclic group of order prime to ℓ;
Proof.
Step 0. Each normal subgroup H of G either lies in Z or coincides with G. Indeed, if H contains Z then the simplicity of G/Z implies that either H = Z or H = G. Assume that H neither contains nor is contained in Z. Let us put
It is also clear that if Z ′ = {1} then every semisimple faithful finite-dimensional representation of Z ′ in characteristic ℓ must have dimension 1. On the other hand, since G is non-abelian, dim k (V ) > 1. This implies that the Z ′ -module V is semisimple if and only if Z ′ = {1}. Taking into account that Z ′ is normal in G and applying Clifford's theorem ( [4] , §49, Th. 49.2), we conclude that if the G-module V is semisimple then Z ′ = {1} and therefore the order of Z is not divisible by ℓ. Step 1. Assume that the G-module V is absolutely simple. Then #(Z) is prime to ℓ. Let k 1 be the finite field obtained by adjoining to k all #(Z)th roots of unity and consider the k 1 -vector space V 1 = V ⊗ k k 1 . Clearly, V 1 carries a natural structure of absolutely simple faithful G-module and
For each character χ : Z → k * 1 we write V χ for the subspace
Clearly,
G permutes all V χ 's and this action factors through G/Z = Γ. It is also clear that the set of non-zero V χ 's consists, at most, of dim k1 (V 1 ) elements. This implies that if the action of G on all V χ 's is non-trivial then G/Z = Γ contains a subgroup
This gives us a nontrivial homomorphism Γ → S r which must be an embedding, in light of simplicity of Γ. This implies that r ≥ 5 and therefore S r is isomorphic to a subgroup of PGL r−1 (F ℓ ) and therefore Γ is isomorphic to a subgroup of PGL r−1 (F ℓ ). Since r ≤ d, we get a contradiction to property (iii). Hence, G maps each V χ into itself and therefore each V χ is a G-invariant subspace of V 1 . The absolute simplicity of V 1 implies that V 1 = V χ for some χ. This implies that Z ⊂ k * 1 Id; in particular, Z is a central cyclic subgroup of G. Since G/Z is simple non-abelian, Z coincides with the center of G. Now the absolute simplicity of V implies that Z ⊂ k * Id ⊂ Aut k (V ) and we get an embedding
This ends the proof of (a) in the case of absolutely simple G-module V .
Step 2. Assume that the G-module V is simple (but not necessarily absolutely simple). Let us put κ = End G (V ). Clearly, κ ⊃ k is a finite field of characteristic ℓ, V carries a natural structure of absolutely simple κ[G]-module and
Applying the (special case of the) assertion (a) (proven in Step 1) to the absolutely simple κ[G]-module V , we conclude that
We conclude that dim k (V ) = dim κ (V ) and therefore [κ : k] = 1. This implies that κ = k, i.e., the G-module V is absolutely simple. This ends the proof of (a) in the case of simple G-module V .
Step 3. Assume that the G-module V is semisimple (but not necessarily simple). Since V is faithful, there is a simple nontrivial G-submodule W of V . We have
Let us denote by G 0 = {1} the image of G in Aut k (W ). Since G is perfect, its homomorphic image G 0 is also perfect. Since G 0 = {1}, the kernel of G ։ G 0 lies in Z. We write Z 0 for the image of Z in G 0 . Clearly, Z 0 is an abelian normal subgroup of G 0 and G 0 /Z 0 = G/Z = Γ. Applying the (special case of the) assertion (a) (proven in Step 2) to the faithful simple G 0 -module V , we conclude that
This implies that dim k (W ) = dim k (V ) and therefore V = W is a simple G-module. This ends the proof of (a) in the case of semisimple G-module V .
Step 4. End of the proof of (a). Assume that the G-module V is not semisimple. Let V ss be its semisimplification. Clearly, the G-module V ss is semisimple but not simple. Clearly, the kernel of the natural homomorphism G → Aut k (V ss ) consists of unipotent matrices and therefore is a finite normal ℓ-group. This implies that this kernel lies in Z. Let G 1 be the image of G in Aut k (V ss ) and Z 1 be the image of Z in G 1 . Clearly, Z 1 is an abelian normal subgroup of G 1 and G 0 /Z 0 = G/Z = Γ. It is also clear that the G-module V ss is faithful semisimple but not simple. Applying the (special case of the) assertion (a) (proven in Step 3) to the faithful semisimple G 1 -module V ss , we conclude that V ss is simple. We get a contradiction which proves that V is semisimple. This ends the proof of (a).
Step 5. Proof of (c). Suppose a < d is a positive integer, k ′ is a finite field of characteristic ℓ and φ :
and
Id lies in the center of Z 3 (and of G 3 ) and the quotient Z 3 /k * 1 Id = Z 2 is cyclic, Z 3 is abelian. If G 3 were perfect then we could apply the already proven assertion (a) to the faithful k
This would lead us to contradiction, since a < d and we conclude that φ is trivial and we are done. However, there is no reason to believe that G 3 is perfect. So, let us choose a minimal subgroup G ′ of G 3 which maps onto G 3 /Z 3 = Γ. Such a a choice is possible in light of finiteness of G 3 . Let us denote by Z ′ the intersection of G ′ and
The minimality of G ′ and perfectness of Γ imply that G ′ is perfect. Now, applying the assertion (a) to the faithful k
Since a < d our assumption that φ is non-trivial was wrong. This proves (c).
Step 6. We still have to prove (b). Assume that G contains a subgroup of index < 5. This gives us a non-trivial homomorphism of G into the solvable group S 4 . Since its kernel must lie in the abelian group Z, we conclude that G is solvable which is not the case. So, if d < 5 then we are done.
Assume that d ≥ 5 and G contains a subgroup of index r ≤ d. This gives us a non-trivial homomorphism of G into S r ⊂ S d . Since S d is isomorphic to a subgroup PGL d−1 (F ℓ ), we conclude that there exists a nontrivial homomorphism [11] ) and this representation is absolutely irreducible and orthogonal; hence it could not be symplectic. q−1 − 1 (see for instance [38] ). Clearly, the representation of L m (q) in (Q B ) 0 is orthogonal (since it is defined over Q) and therefore is not symplectic, because it is absolutely irreducible. It is known [9] 
Guralnick [9] proved that if (q, n) = (3, 4) then the dimension of each nontrivial projective irreducible representation of L m (q) in characteristic 2 is greater than or equal to
Since L m (q), this implies easily that in in characteristic 2 the dimension of every nontrivial projective representation of L m (q) in characteristic 2 is greater than or equal to
Very simple representations
The following notion was introduced by the author in [38] .
Definition 4.1. Let V be a vector space over a field k, let G be a group and ρ : G → Aut k (V ) a linear representation of G in V . We say that the G-module V is very simple if it enjoys the following property:
is an k-subalgebra containing the identity operator Id such that
Here is (obviously) an equivalent definition: if R ⊂ End k (V ) is an k-subalgebra containing the identity operator Id and stable under the conjugations by all ρ(σ)
Remarks 4.2. (i) Clearly, the G-module V is very simple if and only if the corresponding ρ(G)-module V is very simple.
(ii) Clearly, if V is very simple then the corresponding algebra homomorphism
is surjective. Here k[G] stands for the group algebra of G. In particular, a very simple module is absolutely simple.
′ is a subgroup of G and the G ′ -module V is very simple then the Gmodule V is also very simple.
Assume that the G-module V is very simple. Then: (a) The G-module V F is also very simple. In other words, a lifting of a very simple module is also very simple. Indeed, let R F ⊂ End F (V F ) be an F -subalgebra containing the identity operator and stable under the conjugation by elements of G. Let us put
Clearly, R O is a free O F -module, whose rank coincides with dim F (R F ). It is also clear that R O is a pure O F -submodule of End OF (T ). This implies that
is an k-subalgebra of End k (V ) of dimension dim F (R F ), contains the identity operator and is stable under the conjugation by elements of G. Now the very simplicity of V implies that either dim
2 . Clearly, in the former case R F consists of scalars and in the latter one R F = End F (V F ). (b) Suppose that char(F ) = 0 and ρ F is an embedding. Further we identify G with its image ρ F (G) ⊂ Aut(V ). As usual, we write GL VF for the F -algebraic group of automorphisms of V . In particular, GL VF (F ) = Aut(V ). We write SL VF for the F -algebraic group of automorphisms of V with determinant 1. In particular, SL VF (F ) coincides with SL(V ). Let G alg be the algebraic envelope of G. i.e., the smallest algebraic subgroup of GL VF , whose group of F -points contains G. 
). We write g for its Lie algebra; it is a Q ℓ -Lie subalgebra of End(V ℓ ). The absolute simplicity of the G-module V ℓ implies that the g-module V ℓ is semisimple (Prop. 1 of [21] ) and therefore g is reductive, i.e.,
where c is the center of g and s = [g, g] is a semisimple Q ℓ -Lie algebra. This implies also that that the F -algebraic group G 
ℓ-adic representations
Theorem 5.1. Suppose ℓ is a prime, V ℓ is a Q ℓ -vector space of finite dimension d > 1, G ⊂ SL(V ℓ ) ⊂ Aut(V ℓ ) a
compact linear group. We write G alg for the algebraic envelope of G and g for the Lie algebra of G.
Suppose 
Let us put V (ℓ) := T /ℓT . Clearly, V (ℓ) is a d-dimensional vector space and carries a natural structure of G-module.

Let us denote byG ℓ the image of the natural homomorphism
Step 0. It follows from Corollary 4.4 that theG ℓ -module V (ℓ) is very simple. In turn, it follows from Remark 4.2(v) that the G-module V ℓ is very simple. Let us denote by H the kernel of G ։G ℓ . Clearly, H is a closed normal subgroup G and, by Remark 4.2(iv), either H consists of scalars or the H-module V ℓ is absolutely simple. If G is finite then H is also finite. Notice also that H is a pro-ℓ-group. We have
The simplicity ofG ℓ implies that H is the largest closed normal pro-ℓ-subgroup in G.
Step 1. G is infinite. Indeed, let us assume that G is finite. Then H is a finite group consisting of automorphisms of T congruent to 1 modulo ℓ.
If ℓ = 2 then, thanks to Minkowski-Serre Lemma [26] , all nontrivial elements of H have order 2 and therefore H is a finite abelian group. Since every absolutely irreducible representation of a finite abelian group must have dimension 1, we conclude that H consists of scalars and therefore either H = {1} or H = {±1}. In both cases if we denote byG ′ the subgroup of Aut Z2 (T ) generated by G and {±1} then the reduction map modulo 2 gives us a central extension
2 is very simple and is a lifting of theG 2 -module V 2 . It is also clear that theG
2 is symplectic if the G-module V 2 is symplectic. This contradicts (d)(ii) and (d)(iii) respectively and therefore G must be infinite.
If ℓ > 2 then, thanks to Minkowski-Serre Lemma [26] , H = {1} and the reduction map gives us an isomorphism G ∼ =Gℓ. This implies easily that the G =G ℓ -module
ℓ is a lifting of theG ℓ -module V (ℓ). This contradicts (d)(i) and therefore G must be infinite.
Step 2. Now we know that G is infinite and lies in SL(V ℓ ). It follows from Remark 4.2(v)(c) that the identity component G 0 alg of G alg is a semisimple Q ℓ -algebraic group, its Lie algebra coincides with g and G is an open subgroup of G alg (Q ℓ . In addition, g is a semisimple Q ℓ -Lie algebra coinciding with the Lie algebra of G alg and the natural representation of g in V ℓ is absolutely irreducible.
Step 3. There exists a finite Galois extension E of Q ℓ such that the semisimple E-Lie algebra
is split; in particular, g E splits into a direct sum g E = ⊕ i∈I g i of absolutely simple split E-Lie algebras g i . Here I is the set of minimal non-zero ideals g i in g E . It is well-known that
becomes a faithful absolutely simple g E -module and splits into a tensor product
This implies that the cardinality
Let us consider the adjoint representation
Since the g-module V ℓ is absolutely simple, ker(Ad) coincides with the finite subgroups of scalars in G. (The finiteness folows from the inclusion G ⊂ SL(V ℓ ). It follows easily that ker(Ad) coincides with the center Z(G) of G. Clearly, Ad permutes elements of I and therefore gives rise to the continuous homomorphism (composition)
Clearly, one could embed S r into PGL r (F ℓ ). Since r < d, it follows from Proposition 3.1(ii)(c) thatG ℓ = G/H = G 1 /H 1 where
Clearly, G 1 is an open subgroup of finite index in G and therefore its Lie algebra coincides with g. It is also clear that H 1 is a pro-ℓ-group. By definition of G 1 the image of
lies in i∈I Aut(g i ). Let us put G = G 0 alg . We write G E for the semisimple split E-algebraic subgroup of GL VE obtained from G by extension of scalars. Clearly, the E-Lie algebra of G E coincides with g E .
We write G i for the simply connected absolutely simple split E-algebraic subgroup, whose Lie algebra coincides with g i ([25] ).
We write
It is well-known that for each i ∈ I the group G Ad i (E) is a closed (in ℓ-adic topology) normal subgroup in Aut(g i ) of finite index 1, 2 or 6; in the latter case the quotient Aut(g j )/G Ad j (E) is isomorphic to S 3 . (Recall that g j is split.) Let us consider the composition
It follows from Proposition 3.1(ii)(b) that if we put
is an open normal pro-ℓ-subgroup of finite index in G 2 and G 2 /H 2 =G ℓ . By definition of G 2 the image of
Step 4. Let us consider the canonical central isogeny of semisimple E-algebraic groups α := i∈I Ad i,E :
We also have the continuous group homomorphism
whose kernel is a finite commutative group (consisting of scalars). Applying Prop. 3.1(ii)(e2), we conclude that there exists is a compact subgroup
, every prime divisor of the (super)order of H 3 is either ℓ or a divisor of one of deg(Ad i,E ). Applying Prop. 3.1(ii)(d3), we conclude that there exist j ∈ I, a compact subgroup G 4 ⊂ G j (E) and an open normal subgroup H 4 of finite index in G 4 such that G 4 /H 4 ∼ =Gℓ. In addition, every prime divisor of the (super)order of H 4 is either ℓ or a divisor of one of deg(Ad i,E ).
Step 5. Let W be a finite-dimensional E-vector space which carries a structure of faithful absolutely simple g j -module. I claim that
In order to prove this inequality first, notice that there exists a E-rational representation
whose kernel is a finite central subgroup of G i . Let us consider the continuous homomorphism π 4 defined as
Clearly, ker(π 4 ) is a finite commutative group. Applying Prop. 3.1(ii)(d2), we conclude that
Notice that Here O E stands for the ring of integers in E. Let m E be the maximal ideal in O E and k = O E /m E be the corresponding residue field. Let us denote by π 5 the restriction
of the residue map to G 5 . Clearly, ker(π 5 ) lies in the kernel of the reduction map Aut OE (T ) ։ Aut k (T /m E )T ) and therefore is a pro-ℓ-group. HenceG ℓ could not be a homomorphic image of ker(π 5 ). Let us put
Applying Proposition 3.1(ii)(d2) to G 5 and H 5 , we conclude that
Let us consider the projectivization map
Clearly, ker(π 6 ) is a cyclic group andG ℓ could not be its homomorphic image. Let us put
. Applying Proposition 3.1(ii)(d2) to G 6 and H 5 , we conclude that
, it follows from a theorem of Feit-Tits ( [8] ; see also [13] ) thatG ℓ is also isomorphic to a subgroup of PGL d ′ (F ℓ ). In light of property (b), d
′ ≥ d and we are done. In particular, if we consider the faithful g j -module W j then we get
Since each W i is a faithful g i -module and therefore dim E (W i ) > 1, we conclude that the whole set coincides with singleton {j}. This means that g E = g j is absolutely simple and therefore g is also absolutely simple. We also conclude that V E = W j has the minimum dimension d.
It follows from Weyl's character formula [2] that every faithful simple g E = g jmodule of minimum E-dimension d 0 is fundamental. This implies that V E = W j is fundamental. 
is a simply-connected absolutely simple Q ℓ -algebraic group of type E 7 .
Proof. Clearly, G ⊂ Sp V ℓ ,e . This implies that the g-module V ℓ is symplectic and therefore the g E -module V E is also symplectic. By Theorem 5.1, g E is absolutely simple and V E is fundamental of minimum dimension. It follows from Tables in [2] that if V E is a symplectic fundamental representation of minimum dimension of g E then either g E is the Lie algebra of the symplectic group of V E or dim E (V E ) = 56 and g E is a Lie algebra of type E 7 and the highest weight of V E is the only minuscule dominant weight. One has only to recall that 
We write Sp V ℓ ,e for the corresponding symplectic Q ℓ -algebraic group. Assume also that ℓ = 2 andG 2 contains a subgroup isomorphic to the alternating group A d+1 (e.g.,
Proof. In light of Cor. 5.2 we may assume that d = 56 and G 0 is a simplyconnected absolutely simple Q 2 -algebraic group of type E 7 . We have to arrive to a contradiction. First, notice that in the notations of Step 3 (Proof of Th. 5.1)
Step 5 of Proof of Th. 5.1, there are a compact subgroup 
Since p is not a torsion number for G 0 , a maximal torus of G 0 contains a subgroup isomorphic to (Z/pZ) 8 . Since the rank of G 0 is 7 < 8, we obtain the desired contradiction. e) . We write G alg for the algebraic envelope of G and g for the Lie algebra of G. 
Suppose thatG 2 contains a subgroup isomorphic to A d+1 .
Then G = Sp V2,e and g coincides with the Lie algebra sp V2,e of the symplectic group Sp V2,e .
Proof. Clearly, G ⊂ Sp V2,e . Replacing G by its open subgroup of finite index, we may assume thatG 2 = A d+1 . Taking into account Remark 3.3, we observe that ℓ = 2, G, d and G 2 satisfy the conditions of Theorem 5.1 and Corollary 5.3.
Applications to abelian varieties
Theorem 6.1. Suppose K is a field with char(K) = 2, suppose X is an abelian variety over a K and λ is a polarization on X. SupposeG 2,X is the image of Gal(K) in Aut(X 2 ). Let us put d = 2dim(X). Assume thatG 2,X contains a simple non-abelian subgroup G, enjoying the following properties.
Every faithful projective representation of G in characteristic 2 has dimension
If every finite algebraic extension of K contains only finitely many 2-power roots of unity then either g 2,X = Q 2 Id or g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). If there exists a finite algebraic extension of K that contains all ℓ-power roots of unity then either g 2,X = sp(V 2 (X), e λ ) or g 2,X = {0}.
(ii) Assume that for each central extension 
If every finite algebraic extension of K contains only finitely many 2-power roots of unity then g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). If there exists a finite algebraic extension of K that contains all ℓ-power roots of unity then g 2,X = sp(V 2 (X), e λ ).
Proof. Replacing if necessary K by its suitable finite separable extension we may assume thatG 2,X = G. Let us put V 2 = V 2 (X), T = T 2 (X), e = e λ and
Clearly, G is a normal closed subgroup of G 2,X and the quotient G 2,X /G is a onedimensional or zero-dimensional compact commutative ℓ-adic Lie group. Since G is simple non-abelian, the image of G in Aut(T /2T ) coincides withG 2,X = G. Assume that the condition (ii) holds. Applying Corollaries 5.2 and 5.3, we conclude that the Lie algebra of G coincides with sp(V 2 (X), e λ ). Since G is a closed subgroup of G 2,X ,
and therefore either g 2,X = sp(V 2 (X), e λ ) or g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). In order to prove that End(X) = Z, recall that End(X)⊗Q 2 ⊂ End Q2 V 2 (X) commutes with g 2,X . Since the centralizer of sp(V 2 (X), e λ ) consists of scalars, End(X)⊗Q 2 = Q 2 Id and therefore End(X) = Z.
Assume that the condition (i) holds. If G is infinite then applying Theorem 5.4, we conclude by the same token that either g 2,X = sp(V 2 (X), e λ ) or g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). Assume that G is finite. Then the dimension of G 2,X is either 0 or 1. If it is 0 then g 2,X = {0}. Assume that the dimension of G 2,X is 1 and therefore G 2,X is infinite and g 2,X is a one-dimensional Q 2 -vector subspace of End Q2 (V 2 (X).
Our goal now is to prove that g 2,X consists of scalars. Let u be a non-zero element of g 2,X . Clearly, g 2,X = Q 2 u and the conjugation by G 2,X leaves g 2,X = Q 2 u stable. This implies that the conjugation by G 2,X also leaves stable the subalgebra
The former equality could not be true, since Q 2 [u] is commutative while End Q2 (V 2 (X)) is not. Hence Q 2 [u] = Q 2 Id, i.e., u is a scalar and therefore g 2,X = Q 2 u = Q 2 Id and we are done.
In order to finish the proof, recall that if every finite algebraic extension of K contains only finitely many 2-power roots of unity then g 2,X does not lie in sl(V 2 (X)) and therefore g 2,X is neither {0} nor sp(V 2 (X), e λ ). If there exists a finite algebraic extension of K that contains all ℓ-power roots of unity then
and therefore g 2,X is neither Q 2 Id ⊕ sp(V 2 (X), e λ ) nor Q 2 Id. Corollary 6.2. Suppose K is a field with char(K) = 2, suppose X is a 5-dimensional abelian variety over a K and λ is a polarization on X. SupposeG 2,X is the image of Gal(K) in Aut(X 2 ). Assume thatG 2,X contains a subgroup isomorphic to M 11 (e.g.,G 2,X = M 11 orG 2,X is isomorphic to the Mathieu group M 12 ). Then:
Proof. We have d := 2dim(X) = 10. The proof follows readily from Theorem 6.1(ii) (applied to G = M 11 ) combined with Remark 3.4.
Corollary 6.3. Suppose K is a field with char(K) = 2, suppose X is an abelian variety over a K and λ is a polarization on X. SupposeG 2,X is the image of Gal(K) in Aut(X 2 ). Let us put d = 2dim(X). Assume thatG 2,X contains a simple non-abelian subgroup G, enjoying the following properties.
There exist an odd power prime q and an integer m ≥ 3 such that (q, m) = (3, 4),
Proof. The proof follows readily from Theorem 6.1(ii) (applied to G = L m (q)) combined with Remark 3.5.
Proof of main results
Proof of Theorem 2.2. In order to get the assertions about g 2,X , one has only to combine Remark 3.3 and Theorem 6.1 (applied to G = A d+1 ).
is a polynomial of degree n ≥ 5 without multiple roots and X = J(C f ) is the jacobian of C = C f : y 2 = f (x). One may easily check that d = 2dim(J(C)) = n − 1 if n is odd and d = 2dim(J(C)) = n − 2 when n is even. It is well-known (see for instance Sect. 5 of [38] ) that if X = J(C f ) is the jacobian of
where f (x) ∈ K[x] has no multiple roots thenG 2,X is isomorphic to Gal(f ). Clearly, if n ≥ 9 and Gal(f ) contains A n then Gal(f ) contains A d+1 . It is also clear that if n = 12 and Gal(f ) contains M 12 then it also contains M 11 .
Proof of Theorem 2.4. It follows from Remark 7.1 combined with Theorem 6.1 and Corollaries 6.2 and 6.3 that End(X) = Z and g 2,X contains sp(V 2 (X), e λ ). One has only to recall that sp(V 2 (X), e λ ) coincides with the Lie algebra of Aut Z2 (T 2 (X), e λ ) and g 2,X is the Lie algebra of ρ 2,J(C f ) (Gal(K)).
Proof of Theorem 2.3. By Th. 2.2, g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). We need to prove that g ℓ,X = Q ℓ Id ⊕ sp(V ℓ (X), e λ ) for all primes ℓ = char(K). This assertion follows readily from the next auxiliary statement.
Lemma 7.2. Assume that the field K is either finitely generated over Q or a global field of characteristic > 2. Let X be an abelian variety defined over K such that g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ). Then g ℓ,X = Q ℓ Id ⊕ sp(V ℓ (X), e λ ) for all primes ℓ = char(K).
Proof of Lemma 7.2. First, assume that K is a global field. It follows easily (as in the proof of Th. 6.1(ii)) that End(X) = Z. Now it follows from results of [32] , [6] that g ℓ,X is an absolutely irreducible reductive subalgebra of End Q ℓ (V ℓ (X)) for all primes ℓ = char(K). We also have g ℓ,X ⊂ Q ℓ Id ⊕ sp(V ℓ (X), e λ ) ⊂ End Q ℓ (V ℓ (X)).
Notice that the rank of the reductive Q ℓ -Lie algebra g ℓ,X does not depend on the choice of ℓ [34] . This implies that g ℓ,X and Q ℓ Id⊕sp(V ℓ (X), e λ ) have the same rank dim(X) + 1. It follows from a variant of a theorem of Borel -de Siebenthal ( [35] , Key Lemma on p. 522) that g ℓ,X = Q ℓ Id ⊕ sp(V ℓ (X), e λ ). This proves Lemma 7.2 in the case of global K. The case of of an arbitrary K finitely generated over Q follows from the case of number field with help of a variant of Hilbert irreducibility theorem for infinite extensions in the case of characteristic zero ( [22] , Sect. 10.6; [23] , Sect. 1). Indeed, let us fix an odd prime ℓ. Then there exists a number field K 0 and an abelian variety Y over K 0 such that dim(Y ) = dim(X) := g and g ℓ,X ∼ = g ℓ,Y , g 2,X ∼ = g 2,Y
as Q ℓ -Lie algebra and Q 2 -Lie algebra respectively. This implies that g 2,Y ∼ = g 2,X = Q 2 Id ⊕ sp(V 2 (X), e λ ) ∼ = Q 2 Id ⊕ sp(2g, Q 2 ) and easy dimension arguments imply that Y over K 0 satisfies the conditions of Lemma 7.2. Since we already know that Lemma 7.2 is true in the case of ground number field, we conclude that g ℓ,Y ∼ = Q ℓ Id ⊕ sp(2g, Q ℓ ) and therefore g ℓ,X ∼ = Q ℓ Id ⊕ sp(2g, Q ℓ ). Again easy dimension arguments imply that g ℓ,X = Q ℓ Id ⊕ sp(V ℓ (X), e λ ).
This ends the proof of Theorem 2.3. Proof. If n ≤ 8 then dim(J(C f )) ≤ 3. But it is well-known that the assertion of the theorem is true for all complex abelian varieties, whose dimension does not exceed 3 (see, for instance, [15] ). Further, we assume that n ≥ 9.
Replacing K by its subfield obtained by adjoining to Q all coefficients of f , we may assume that K ⊂ C is finitely generated over Q. Let us put X = J(C f ). Thanks to Theorem 2.5,
for all primes ℓ. The first rational homology group Π Q := H 1 (X(C), Q) of the complex torus X(C) is a 2dim(X)-dimensional Q-vector space provided with a natural structure of rational polarized Hodge structure of weight −1. We refer to [17] for the definition of its Mumford-Tate group M T = M T X ⊂ GL(Π Q ). It is a reductive algebraic Qgroup. We write mt = mt X for the Lie algebra of M T ; it is a reductive completely reducible Q-Lie subalgebra of End Q (Π Q ). The polarization λ on X gives rise to a non-degenerate alternating bilinear (Riemann) form [16] 
Let us choose by K a the algebraic closure of K in C. For each prime ℓ let us put
Then there is the well-known natural isomorphism [16] , [35] γ ℓ : Π ℓ ∼ = V ℓ (X) such that, by a theorem of Piatetski-Shapiro -Deligne -Borovoi [5] , [19] ,
Now easy dimension arguments imply that
and therefore mt = QId ⊕ sp(Π Q , L λ ).
Recall that Hodge classes on self-products on X could be viewed as tensor invariants of mt sp(Π Q , L λ ) = sp(Π Q , L λ ). As in the case of Tate classes, results from the invariant theory for symplectic groups ( [17] imply that each Hodge class on a self-product of X can be presented a linear combination of products of divisor classes.
Remark 9.2. In the course of the proof we established the equality γ ℓ g ℓ,X γ −1 ℓ = mt ⊗ Q Q ℓ . This proves the Mumford-Tate conjecture [19] for X = J(C f ) in the case of finitely generated K when n ≥ 9.
